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1 Introduction 

1.1 The nilpotent blocks over an algebraically closed field of characteris- 
tic p > were introduced in [2] as a translation for blocks of the well-known 
Frobenius Criterion on p-nilpotency for finite groups. They correspond to 
the simplest situation with respect to the so-called fusion inside a defect 
group, and the structure of the source algebras of the nilpotent blocks deter- 
mined in [9] confirms that these blocks represent indeed the easiest possible 
situation. 

1.2 However, when the field of coefficients is not algebraically closed, 
together with Fan Yun we have seen in [3] that, in the general situation, 
the structure of the source algebra of a block which, after a suitable scalar 
extension, decomposes in a sum of nilpotent blocks — a structure that we 
determine in [3] — need not be so simple . 

1.3 At that time, we already knew some examples of a similar fact in 
group extensions, namely that a non-nilpotent block of a normal subgroup H 
of a finite group G may decompose in a sum of nilpotent blocks of G . In this 
case, we also have been able to describe the source algebra structure, which 
is quite similar to (but easier than) the structure described in [3] . With a big 
delay, we explain this result here. 

1.4 Actually, this phenomenon is perhaps better described by saying 
that a normal sub-block of a nilpotent block need not be nilpotent. However, 
the normal sub-blocks of nilpotent blocks are quite special: they are basi- 
cally Morita equivalent [15, §7] to the corresponding block of their inertial 
subgroup. Then, as a matter of fact, a normal sub-block of such a block still 
fulfills the same condition. 

1.5 Thus, let us call inertial block any block of a finite group that is 
basically Morita equivalent [15, §7] to the corresponding block of its inertial 
subgroup] as a matter of fact, in [12, Corollaire 3.6] we already exhibit a large 
family of inertial blocks; see also [14, Appendix]. The main purpose of this 
paper is to prove that a normal .sub-block of an inertial block is again an 
inertial block. Since a nilpotent block is basically Morita equivalent to its 
defect group [9, Theorem 1.6 and (1.8.1)], and the corresponding block of 
its inertial subgroup is also nilpotent, a nilpotent block is, in particular, an 
inertial block and thus, our main result applies. 
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2 Quoted results and inertial blocks 

2.1 Throughout this paper p is a fixed prime number, k an algebraically 
closed field of characteristic p and O a complete discrete valuation ring of 
characteristic zero having the residue field k . Let G be a finite group; fol- 
lowing Green [5], a G-algebra is a torsion- free O-algebra A of finite O-rank 
endowed with a G-action; we say that A is primitive if the unity clement is 
primitive in A'-^ . A G-algcbra homomorphism from A to another G-algebra A' 
is a not necessarily unitary algebra homomorphism f : A — > A' compatible 
with the G-actions. We say that / is an embedding whenever 

Ker(/) = {0} and Im(/) = 2.1.1, 

and that / is a strict semicovering if / is unitary^ the radical J{A) of A 

contains Kcr(/) and, for any p-subgroup P of G , J{A'^) contains 

and f{i) is primitive in A'^ for any primitive idcmpotcnt i of A^ [6, §3]. 

2.2 Recall that, for any subgroup H oi G , a point a of .ff on ^ is an 
(A^)*-conjugacy class of primitive idempotents of A^ and the pair Ha is a 
pointed group on A [7, 1.1]; if = {1} , we simply say that a is a point of A . 
For any i e. a , iAi has an evident structure of if-algebra and we denote 
by Aa one of these mutually (v4-^)*-conjugate i?-algcbras and by A{Ha) the 
simple quotient of A^ determined by a ; we call multiplicity of a the square 
root of the dimension of A{Ha) . If / : A — >■ A' is a G-algebra homomorphism 
and a' a point of H on A' , we call multiplicity m(/)" of / at (a, a') the 
dimension of the image of f{i)A'^i' in A' {Ha') for i <E a and i' E a' : we still 
consider the -ff -algebra A'^ = f{i)A'f{i) together with the unitary ff-algebra 
homomorphism induced by / and the embedding of H-algehias 

Aa y -^a ^ "^a' 2.2.1. 

A second pointed group Kp on A is contained in Ha if K C H and, for any 
i £ a, there is j € /3 such that [7, 1.1] 

ij =j = ji 2.2.2; 

then, it is clear that the (A^)*-conjugation induces if-algebra embeddings 

: ^Resf(A„) 2.2.3. 

2.3 Following Brouc, for any p-subgroup P of G we consider the Brauer 
quotient and the Brauer homomorphism [1, 1.2] 

b4:AP^A{P) = Ap/J2K 2.3.1, 

Q 

where Q runs over the set of proper subgroups of P , and call local any point 7 
of P on A not contained in Ker(Brp) [7, 1.1]. Recall that a local pointed 
group Pj contained in Ha is maximal if and only if'Bvp{a) C A{P^)p"^^'^^ 
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[7, Proposition 1.3] and then the P -algebra A-y — called a source algebra 

of Aa is Morita equivalent to A^ [17, 6.10]; moreover, the maximal local 
pointed groups P-y contained in Ha — called the defect pointed groups of Ha 
— are mutually H-conjugate [7, Theorem 1.2]. 

2.4 Let us say that A is a. p-permutation G-algebra if a Sylow p-subgroup 
of G stabilizes a basis of ^ [1, 1.1]. In this ease, recall that if P is a p-subgroup 
of G and Q a normal subgroup of P then the corresponding Brauer homo- 
morphisms induce a fc-algebra isomorphism [1, Proposition 1.5] 

{AiQ))iP/Q)^A{P) 2.4.1; 

moreover, choosing a point a of G on A , we call Brauer {a, G)-pair any pair 
(P, eyi) formed by a p-subgroup P of G such that Brp(a) ^ {0} and by a 
primitive idempotent ca of the center Z(A(P)) of A{P) such that 

eA-Br:^(a) {0} 2.4.2; 

note that any local pointed group Qs on A contained in Ga determines a 
Brauer (a, G)-pair {QJa) fulfilling /A-BrQ((5) / {0} . 

2.5 Then, it follows from Theorem 1.8 in [1] that the inclusion be- 
tween the local pointed groups on A induces an inclusion between the Brauer 
{a,G)-pairs; explicitly, if (P, e^) and {Q,fA) are two Brauer (a, G)-pairs 
then we have 

(g,/A) C (P,eA) 2.5.1 
whenever there are local pointed groups P^ and Qs on A fulfilling 

QiCP^cG^ , /A-Br^((5) ^ {0} and eA-Br^(7) 7^ {0} 2.5.2. 

Actually, according to the same result, for any p-subgroup P of G , any 
primitive idempotent of Z{^A{P)) fulfilling eA-Brp(a) ^ {0} and any 
subgroup Q oi P , there is a unique primitive idempotent /a of Z(^A{Q)) 
fulfilling 

eA-Br:^(a) ^ {0} and (Q, /a) C (P, e^) 2.5.3. 

Once again, the maximal Brauer {a,G)-pairs are pairwise G-conjugate [1, 
Theorem 1.14]. 

2.6 Here, we are specially interested in the G-algebras A endowed with 
a group homomorphism p:G A* inducing the action of G on A , called 
G-interior algebras; in this case, for any pointed group Ha on A, Aa = iAi 
has a structure of H -interior algebra mapping y <E H on p{y)i = ip{y) ; 
moreover, setting x-a-y = p{x)ap{y) for any a & A and any x,y £ G, a 
G-interior algebra homomorphism from A to another G-interior algebra A' 
is a G-algebra homomorphism f :A ^ A' fulfilling 



f {x-a-y) = x-f{a)-y 



2.6.1. 
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2.7 In particular, if Ha and Kp are two pointed groups on A, we say 

that an injcctivc group homomorphism ip: K ^ H \s eai A-fusion from Kp 
to Ha whenever there is a i^-intcrior algebra embedding 

U ■■ Ap Res^iAa) 2.7.1 

such that the inclusion Ap a A and the composition of f^p with the inclusion 
Aa C A are >l*-conjugate; we denote by Fa{Kp, Ha) the set of iJ-conjugacy 
classes of ^-fusions from Kp to H^ and, as usual, we write FA{Ha) instead 
of FA{Ha,Ha) .U Aa = lAi foi i € a , it follows from [8, Corollary 2.13] that 
we have a group homomorphism 

FA{Ha) — > NA'JH-i)/HiA^)* 2.7.2 

and if _ff is a p-group then we consider the A;*-group FA{Ha) defined by the 

pull-back 

FA{Ha) NAi{H-i)/H.{A^y 

t t 2.7.3. 

FA{Ha) NA'JH-i)/H-{i + J{A^)) 

2.8 Recall that, for any subgroup H oi G and any iJ- interior algebra B , 
the induced G-interior algebra is the induced bimodule 

lnd%{B) = kG ®kH B ®kH kG 2.8.1, 

endowed with the distributive product defined by the formula 

{X (g) b.yx'.b' (g) y' if yx' e H 
2.8.2 
otherwise 

where x, y,x',y' G G and b,b' G B , and with the structural homomorphism 

G — ). Indg(B) 2.8.3 
mapping x £ G on the element 

(g) 1b <8)y~^ = ^2/<8) 1b <8)y"^a; 2.8.4 
y y 

where y & G runs over a set of representatives for G/H . 

2.9 Obviously, the group algebra OG is a p-pcrmutation G-intcrior al- 
gebra and, for any primitive idempotent b of Z{OG) — called an O-block 
of G - the conjugacy class a = {b} is a point of G on OG . Moreover, for 
any p-subgroup P oi G , the Brauer homomorphism Brp = Brp*^ induces a 
fc-algebra isomorphism [10, 2.8.4] 

kCciP) = {OG){P) 2.9.1; 
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thus, up to identification throughout this isomorphism, in a Brauer {{b}, G)- 

pair [P, e) as defined above — called Brauer (b, G)-pair from now on — e is 
nothing but a fc-block of Cg{P) such that eBrp(6) ^ . Setting 

Cg{P) = Cg{P)/Z{P) 2.9.2, 

recall that the image e of e in kCciP) is a /c-block of Cg{P) and that the 
Brauer First Main Theorem affirms that (P, e) is maximal if and only if the 
k-algebra kCG{P)e is simple and the inertial quotient 

E = NG{P,e)/P-CG{P) 2.9.3 

is a p' -group [17, Theorem 10.14]. 

2.10 For any p-subgroup P of G and any subgroup H of Ng{P) con- 
taining P-Cg{P) , we have 

Btp{{OG)") = {OG){P)" 2.10.1 

and therefore any k-block e of Cg{P) determines a unique point P of H 
on OG (cf. 2.2) such that contains P^ for a local point of P on OG 
fulfilling [9, Lemma 3.9] 

e.Brp(7) ^ {0} 2.10.2. 

Recall that, if Q is a subgroup of P such that Gg{Q) C H then the fc-blocks of 
Gg{Q) = Ch{Q) determined by (P, e) from G and from H coincide [1, The- 
orem 1.8]. Note that if P is normal in G then the kernel of the obvious 
/c-algebra homomorphism kG — >■ k{G/P) is contained in the radical J{kG) 
and contains Ker(Brp) ; thus, in this case, isomorphism 2.9.1 implies that 
any point of P on kG is local. 

2.11 Moreover, for any local pointed group Py on OG , the action of 
^ciP-y) on the simple algebra {OG){Pj) (cf. 2.2) determines a central k*-ex- 
tension or, equivalently, a k* -group Ng{P^) [10, §5] and it is clear that the 
Brauer homomorphism Brp determines a A^G(P^)-stable injective group ho- 
momorphism from Cg{P) to 7Vg(P^) . Then, up to a suitable identification, 
we set 

Eg{Pj)=Ng{Pj)/P-Gg{P) and Eg{P^) = Ng{Pi)/P-Cg{P) 2.11.1; 

recall that from [8, Theorem 3.1] and [10, Proposition 6.12] we obtain a 
canonical fc*-group isomorphism (cf. 2.7.3) 



EGiP^r ^ Fog{Pj) 



2.11.2. 
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2.12 In particular, a maximal local pointed group P-y on OGb determines 
a fc-block e of Cg{P) , which is still a fc-block of the group 

N = NG{Pj) = NG{P,e) 2.12.1 

— called the inertial subgroup of 6 — and also determines a unique point 
of N on OGb such that C A^^, (cf. 2.10); obviously, we have E = EaiP-y) 
(cf. 2.9.3), P-y is still a defect pointed group of Ni, and (P, e) is a maximal 
Brauer (e, Af)-pair, where e denotes the O-block of N lifting e . As above, N 
acts on the simple fc-algebra (cf. 2.9) 

kCG{P)e ^ {OG){Pj) 2.12.2 

and therefore we get k* -groups N and E° = EG{P-y) ■ 

2.13 Moreover, since E in a. p'-group, it follows from [17, Lemma 14.10] 
that the short exact sequence 

1 — > P/Z{P) — y N/Cg{P) — >E — >1 2.13.2 

splits and that all the splitings are conjugate to each other; thus, any spliting 
determines an action of S on P and it is easily checked that the semidirect 
products 

L = P^E and L = Px£' 2.13.3 

do not depend on our choice. At this point, it follows from [10, Proposi- 
tion 14.6] that the source algebra of the block e of is isomorphic to the 
P-interior algebra 0*L, and therefore it follows from [3, Proposition 4.10] 
that the multiplication in OGb by a suitable idcmpotent i &v determines an 
injective unitary P-interior algebra homomorphism 

O^L {OG)j 2.13.4. 

2.14 On the other hand, a Dade P-algebra over O is a p-permutation 
P-algcbra 5* which is a full matrix algebra over O and fulfills S{P) ^ {0} 
[11, 1.3]. For any subgroup Q of P , setting Np{Q) = Np{Q)/Q we have 
(cf. 2.4.1) 

{S{Q)) {Np{Q)) ^ S{Np{Q)) 2.14.1 

and therefore Rcsq(S') is a Dade Q-algebra; moreover, it follows from [11, 1.8] 
that the Brauer quotient S{Q) is a Dade iVp (Q)-algebra over k ; thus, Q has a 
unique local point on 6" . In particular, if S is primitive (cf. 2.1) then S{P) = k 
and therefore we have 

dim(5) = 1 (mod p) 2.14.2, 

so that the action of P on 5 can be lifted to a unique group homomorphism 
from P to the kernel of the determinant dets over S ; at this point, it follows 
from [11, 3.13] that the action of P on S' always can be lifted to a well- 
determined P-interior algebra structure for S . 
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2.15 Recall that a block 6 of G is called nilpotent whenever the quotients 

^g{Q, f) /Cg{Q) are p-groups for all the Braucr (6, G)-pairs {Q,f) [2, De- 
finition 1.1]; by the main result in [9], the block b is nilpotent if and only if, for 
a maximal local pointed group on OGb , P stabilizes a unitary primitive 
Dade P-subalgebra S of {OGb)-y fulfilling 

{OGb)j = SP^ S^oOP 2.15.1 

where we denote by SP the obvious O-algebra 0„£p Su and, for the right- 
hand isomorphism, we consider the well-determined P-interior algebra struc- 
ture for S . 

2.16 Now, with the notation in 2.12 above, we say that the block 6 of G 
is inertial if it is basically Morita equivalent [15, 7.3] to the corresponding 
block e of the inertial subgroup N b or, equivalently, if there is a primitive 
Dade P-algcbra S such that we have a P-interior algebra embedding [15, 
Theorem 6.9 and Corollary 7.4] 

{OG)-y — >S^o O^L 2.16.1. 

Note that, in this case, in fact we have a P-interior algebra isomorphism 

{OG)^=S®oOS 2.16.2 

and the Dade P -algebra S is uniquely determined; indeed, the uniqueness 
of S follows from [19, Lemma 4.5] and it is easily checked that 

{S (i)o 0,L){P) ^ S{P) ®fc (ai)(P) = kZ{P) 2.16.3 

and that the kernel of the Brauer homomorphism Brp®*^^*^ is contained in 
the radical of S ®o O^L , so that this P-interior algebra is also primitive. 

3 Normal sub-blocks of inertial blocks 

3.1 Let G be a finite group, b an O-block of G and (P, e) a maximal 
Braucr (fe, G)-pair (cf. 2.9). Let us say that an O-hlock c of a normal sub- 
group of G is a normal sub-block of b if we have c6 7^ ; we are interested 
in the relationship between the source algebras of b and c , specially in the 
case where b is inertial. 

3.2 Note that we have 6Tr§ (c) = b where Gc denotes the stabilizer of 
c in G ; since we know that eBrp(6) / (cf. 2.9), up to modifying our choice 
of (P, e) we may assume that P stabilizes c ; then, considering the G-stable 
semisimple /c-subalgebra '^,j.k-bc^ of A:G, where x € G runs over a set of 
representatives for G/Gc, it follows from [19, Proposition 3.5] that be is an 
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O-block of Gc and that P remains a defect p-subgroup of this block, and 
then from [19, Proposition 3.2] that we have 

OGb^\nd%^{OG^hc) 3.2.1, 

so that the source algebras of the O-block b of G and of the block be of Gc 
are isomorphic. 

3.3 Thus, from now on we assume that G fixes c , so that we have bc = b. 
Then, note that a = {c} is a point of G on OH (cf. 2.2), so that, choosing a 
block e" of Ch{P) such that e"e ^ , {P, e") is a Brauer {a, G)-pair (cf. 2.4 
and 2.9.1) and it follows from the proof of [18, Proposition 15.9] that we may 

choose a maximal Brauer (c, )-pair (Q, / ) fulfilling 

{Q,f) <z{P,e") , Q = Hr\P and eBrp(/") 7^ 3.3.1. 

Now, denote by 7° and 5 the respective local points of P and Q on OG 
and OH determined by e and / ; as above, let us denote by F the inertial 
quotient of c; that is to say, we set (cf. 2.9 and 2.11) 

F = Eh{Qs) = Foh{Qs) and F = Eh{Qs)° = Foh{Qs) 3.3.2. 

3.4 Since we have eBrp(/") ^ and is P-stable, from the obvious 
commutative diagram 

{OH){Q) {OGKQ) 

u u 

{OH){Qr {OG){Qr 3.4.1 

i i 
{OH){P) {OG){P) 

we get a local point 5 of Q on OG such that the multiplicity m^ of the 

inclusion (OH)'^ C (OG)'^ at {S, S^) (cf. 2.2) is not zero and QgO is contained 
in P^G ; similarly, we get a local point 7 of P on OH fulfilling 

m^;'' and Qs C P^ 3.4.2 
At this point, the following commutative diagram (cf. 2.2.1) 

Res^iOH)^ Resg(OG)^ 

^ ^ t 

{OH)s {OG)s Res^iOG) a 3.4.3, 

t ^ 
{OG),a 

where all the Q-interior algebra homomorphisms but the horizontal ones are 
embeddings, already provides some relationship between the source algebras 
of b and c (cf. 2.2). 
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3.5 If Re is a local pointed group on OH , we set 

CG{Re) = CG{R)nNGiRe) and EG{Re) = NGiRe)/R-CG{Re) 3.5.1 

and denote by 6(e) the block of Ch{R) determined by e, and by 6(e) the 
image of 6(e) in kCniR) = k{CH{R)/Z{R)) ; recall that we have a canonical 
C'G(-R)-interior algebra isomorphism [19, Proposition 3.2] 

kCG{R)T,%l[f^^ (6(e)) - Indg^j^J) {kCG{RM^)) 3.5.2. 

Moreover, note that if e° is a local point of R on OG such that m^'^ ^ then 
we have 

EGiRea) C EGiRe) 3.5.3; 

indeed, the restriction to Ch{R) of a simple fcCG(i?)-module determined 
by e'^ is semisimple (cf. 2.9.1) and therefore Cg{R) acts transitively on the 
set of local points e' of R on OH such that m^f 7^0 , so that we have 

NGiReo) C CG{R)-NG{Re) 3.5.4. 
Then, we also define Eh{Rsg) = Nh{Rsg)/R-Ch{R) ■ 

3.6 Since {Q, f") is a maximal Brauer (c, il)-pair, we have (cf. 2.12.2) 

kCH{Q)f - {OH){Qs) 3.6.1 

and, according to the very definition of the A;*-group Ng{Qs) , we also have 
a fc*-group homomorphism 

Ng{Qs) {kCH{Q)fy 3.6.2; 

then, denoting by Cg{Qs) the corresponding fc*-subgroup of Ng{Qs) and 
setting 

Z = Cg{Q5)/Ch{Q) and Z = CGiQ6)/CH{Q) 3.6.3, 

it follows from [19, Theorem 3.7] that we have a canonical C'G((35)-interior 
algebra isomorphism 

kCG{Qs)f = kCH{Q)f ®fe {kjy 3.6.4. 

Now, this isomorphism and the corresponding isomorphism 3.5.2 determine 
a fc-algebra isomorphism 

Z{kCG{Q))'T4f^\^{f) - Z{kJ) 3.6.5, 

and induce a bijection between the set of local points 5° of Q on OGh such 
that m^-"^' ^ and the set of points of the fc-algcbra {k^,Z)° bs where we 
denote by BrQ(6) the image of BrQ(6) in kCG{Q) and by 65 the image of 
BrQ(6)Tr^'^^^\(/") in the right-hand member of isomorphism 3.6.5. 
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Proposition 3.7 With the the notation above, the idempotent bs is primi- 
tive in Z[ki,Z)^'^^^^^ . In particular, if Eg{Qs) acts trivially on Z then P^g 

contains Q^g for any local point 6 of Q on OGb such that m| ^ . 

Proof: Since Q = H DP ,{ot: any a G {OG)^ it is easily checked that 

BrQ(Tr^(a)) =Tr^'^('^)(BrQ(a)) 3.7.1 

and, in particular, we have BrQ((OG)^) ^ kCG{Q)p°''^^ (cf. 2.9.1); con- 
sequently, since the idempotent b £ (0G')p is primitive in Z{OG) , setting 
Eg{Q) = Ng{Q)/Q-Cg{Q) , BrQ(6) is still primitive in [17, Proposition 3.23] 

fcCG(Q)^^(«) = Z{kCG{Q)f''^'^^ 3.7.2, 

which amounts to saying that Ng{Q) acts transitively over the set of /e-blocks 
of Cg{Q) involved in BrQ(6) ; hence, since any fc-block of Cg{Q) maps on a 

fc-block of Cg{Q) (cf. 2.9), BrQ(6) is also primitive in Z(A;C'g((3))^°^^^ and 
then, it suffices to apply isomorphism 3.6.5. 

On the other hand, identifying {OG){Q) with kCciQ) (cf. 2.9.1), it is 
easily checked that BrQ((0G')^) = kCG{Q)^ and therefore, for any i e 7°, 
the idempotent BrQ(i) is primitive in kCciQ)^ [17, Proposition 3.23]; thus, 
since the canonical P-algebra homomorphism kCciQ) ^ kC'ciQ) a strict 
semicovering [16, Theorem 2.9], it follows from [6, Proposition 3.15] that 
the image BrQ(i) of BrQ(i) in kCG{Q)^ remains a primitive idempotent 
and that, denoting by 7"^ the point of P on kCciQ) determined by BrQ(i) , 
P^G remains a maximal local pointed group on the A^G'(Q)-algcbra kCciQ) ■ 

Moreover, since P fixes / (cf. 3.3), we may choose i G 7"^ fulfilling 
BrQ(z) = BiQ{i)f"; in this case, it follows from isomorphism 3.5.2 and from 

[19, Proposition 3.5] that BrQ(i) is a primitive idempotent of (kCGiQs)!")^ 
and that P^a is also a maximal local pointed group on the NG{Q5)-B\.ge- 

bra kCG{Qs)f". 

But, it follows from isomorphism 3.6.4 that we have 

{kCG{Q5)f){P) ^ {kCH{Q)f){P) ®fc {kJy{P) 3.7.3 

and therefore, since evidently ib = i , P^g determines a maximal local pointed 
group P^G on {ki,Z)° bs [9, Theorem 5.3 and Proposition 5.9]. Moreover, if 
Eg{Qs) acts trivially on Z then bs is a block of Z and all the maximal local 
pointed groups on the A^G((55)-algcbra (k^^Z)" bs are mutually NG{Qs)-con- 
jugate (cf. 2.5); in this case, since Ng{Qs) acts trivially on the set of points 
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of the fc-algebra {ki,Z)°bs, P^a contains Q^g for any local point of Q 
on {kt,Z)° bs , which amounts to saying that any idempotent f € 7° has a 
nontrivial image in all the simple quotients of bg (cf. 2.2.2), and the 

last statement follows from 3.6. 

Proposition 3.8 Let S'^ be a local point of Q on OG such that m^ ^ . 
The commutator in Ng{Q5)/Q'Ch{Q) induces a group homomorphism 

w:F — y'Rom{Z,k*) 3.8.1 

and Ker(ra7) is contained in Eh{Q^g). In particular, Eh{Q^g) is normal 

^ G 

in F , F/Eh{Q^g) is an Abelian p' -group and, denoting by and the 
respective converse images in Cg{Qs) of the fixed points of F and Eh{Q^g) 
over Z , we have the exact sequence 

l^k^ ^k^" ^ Rom{F/EH{QsG), k*) — ^ 1 3.8.2. 



Proof: It is quite clear that F and Z are normal subgroups of the quo- 
tient Ng(Q s) / Q-C h{Q) and therefore their converse images F and Z in the 
quotient Ng{Qs) /Q-Ch{Q) still normalize each other; but, since we have 

Nh{Q5) n Cg{Qs) = Ch{Q) 3.8.3, 

their commutator is contained in k* ; hence, indentifying Hom(Z, A;*) with 
the group of the automorphisms of the fc*-group Z which act trivially on Z , 
we easily get homomorphism 3.8.1. 

In particular, Ker(n7) acts trivially on the fc*-group Z and therefore, 
since its action is compatible with the bijection in 3.6 above, it is contained 
in Eh{Q^g); hence, since the p'-group Hom(Z, fc*) is Abelian, Eh{Q^g) is 
normal in Eh{Qs) (cf. 3.5.3) and F/Eh{Q^g) is Abelian. 

Symmetrically, the commutator in Ng{Qs)/Q'Ch{Q) also induces sur- 
jective group homomorphisms 

CGiQs) Hom(i^/Ker(tn), fc*) ^ ^ ^ 

Cg{Qs) Bom{EH{QsG )/Ker(tu), k*) 

^ G 

and it is quite clear that the kernels respectively coincide with and ; 
consequently, the kernel of the surjective group homomorphism 

CGiQs) /k^ CGiQs) /k^" 3.8.5 
is canonically isomorphic to B.om(^F/EH{Q§G),k*) . We are done. 
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3.9 Assume that b is an inertial block of G or, equivalently, that there 
is a primitive Dade P-algebra S sueh that, with the notation in 2.13 above, 
we have a P-interior algebra isomorphism 

iOG)^a^S®oOd 3.9.1 

where we consider S endowed with the unique P-interior algebra structure ful- 
filling det5'(P) = {1} (cf. 2.14). In this case, it follows from [6, Lemma 1.17] 
and [8, proposition 2.14 and Theorem 3.1] that (cf. 2.8) 

E = FoGiP-ya) = Ps(P{l.}) nP<5^£(P{i.}) 3.9.2 

and, in particular, that S is E -stable [8, Proposition 2.18]. Moreover, since 
we have a P-interior algebra embedding (cf. 2.14) 

O Endc.(S') ^ 5° Oo 5 3.9.3, 

we still have a P-interior algebra embedding 

— ^ S° Oo {OG)^a 3.9.4. 

3.10 Conversely, always with the notation in 2.13, assume that S is 

an i?-stable Dade P-algcbra or, equivalently, that E is contained in Fs{Ptt) 
where tt denotes the unique local point of P on 5 (cf. 2.14); since we have 
[9, Proposition 5.9] 

Fs{P^) n FoaiPjo) C Fso^aOGiPnx^a) 3.10.1 

where tt x 7° denotes the local point of P on S° ®o OG determined by tt 
and 7° [9, Proposition 5.6], and we still have [18, Theorem 9.21] 

Fs{P„) ^ r X Fs{P„) 3.10.2, 

it follows from [9, proposition 5.11] that the fc*-group E is isomorphic to 

a fc*-subgroup of Ps°(»oOG(^7rx7G ) ; then, since is a p'-group, it follows 
from [10, Proposition 7.4] that there is an injective unitary P-interior algebra 
homomorphism 

— s- (5° Oo OG)^x7G 3.10.3 

and, in particular, we have 

|P||£| < ranko(5° OG)^^^g 3.10.4. 

Proposition 3.11 With the notation above, the block b is inertial if and 
only if there is an E-stable Dade P-algebra S such that 

ranko(5° ®o OG)^^^^ = \P\\E\ 3.11.1 

Proof: If b is inertial then the equality 3.11.1 follows from the existence of 
embedding 3.9.4. 
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Conversely, we claim that if equality 3.11.1 holds then the corresponding 
homomorphism 3.10.3 is an isomorphism; indeed, since this homomorphism 
is injective and we have ranke)(0*L) = |P||i?| , it suffices to prove that the 
reduction to k of homomorphism 3.10.3 remains injective; but, according to 
[10, 2.1], it also follows from [10, Proposition 7.4] that, setting '^S = k^oS , 
there is an injective unitary P-interior algebra homomorphism 

KL^{^S° ®kkG)^^^a 3.11.2, 

where tt and 7° denote the respective images of tt and 7° in and kG , 
which is a conjugate of the reduction to k of homomorphism 3.10.3. 

Now, embedding 3.9.3 and the structural embedding 

{S° OG)^y-,,o S° ®o {OG)^G 3.11.3 

determine P-intcrior algebra embeddings 

S ®o {S° ®o OG)^^^G S ®o S° ®o {OG)^a 

l\\ t 3.11.4; 

thus, since P has a unique local point on S®S°®o (06)70 [9, Theorem 5.3], 
we get a P-interior algebra embedding 

(OG)7G — ^ -5 0o 0*L 3.11.5 
which proves that 6 is inertial. We are done. 

3.12 With the notation above, assume that the block h is inertial; then, 
denoting by x the unique local point of Q on 5 (cf. 2.14) and by ^ a local 

point of Q on OGh such that m^ 7^ , there is a unique local point 5^ of Q 
on O^L such that isomorphism 3.9.1 induces a Q-interior algebra embedding 
[9, Proposition 5.6] 

{OG)sG ®o {0*L)iL 3.12.1; 

but, the image of Q in (5*^)* need not be contained in the kernel of the 
corresponding determinant map. Note that, as above, it follows from this 
embedding and from [6, Lemma 1.17] and [8, Proposition 2.14 and Theo- 
rem 3.1] that 

EG{Qso)=FoG{Qso)=Fs{Qy)^F^^l{Q^^L) 3.12.2, 

so that the Dade Q-algebra S^^ is EciQ^G)- stable; as in 2.13 above, let us 
consider the corresponding semidirect products 

M = Q»F and M = Q xi F 3.12.3. 

We are ready to state our main result. 
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Theorem 3.13 With the notation above, assume that the block b of G is 
inertial. Then, there is a Q-interior algebra isomorphism 

{OH)s ^ ®o O^M 3.13.1 

and, in particular, the block c of H is inertial too. 

Proof: We argue by induction on \G/H\ ; in particular, if H' is a proper 
normal subgroup of G which properly contains H , it suffices to choose a 
block c' of H' fulfilling c'b ^ to get c'c ^ and the induction hypothesis 
successively proves that the block c' of H' is inertial and then that the block 
c is inertial too; moreover, setting Q' = H' n P , the corresponding Dade 
Q'-algcbra comes from S and therefore the final Dade Q-algebra also comes 
from S . Consequently, since G fixes c , it follows from the Frattini argument 
that we have (cf. 2.3) 

G = H-Ng{Qs) 3.13.2 
and therefore we may assume that either Cg{Qs) C H or G = H-CciQs) ■ 

Firstly assume that Gg{Qs) C ; in this case, it follows from [18, Propo- 
sition 15.10] that b = c; moreover, since Cg{Qs) ~ Ch{Q) , it follows from 3.6 

above that Q has a unique local point 6 on OGb such that m^ 7^ , and 
from isomorphism 3.6.4 that we have 

{OH){Qs) ^ kCniQ)!" ^ kCG{Qs)f 3.13.3; 

in particular, Ng{Qs) normalizes Q^g and therefore the inclusion 3.5.3 be- 
comes an equality 

Eg{Qso)=Eg{Q5) 3.13.4; 

thus, since F is obviously contained in Eg{Qs) , is J^-stable too. Conse- 
quently, according to Proposition 3.11, it suffices to prove that 

ranko(5° OH)^^s = \Q\\F\ 3.13.5. 

As in 3.12 above, the P-interior algebra embedding 3.9.4 induces a 
Q-interior algebra embedding [9, Theorem 5.3] 

{0,L)^L — ^ ®o {OG)sG 3.13.6 

and it suffices to apply again [6, Lemma 1.17] and [8, Proposition 2.14 and 
Theorem 3.1] to get 

ELiQs^)=F^^l{Qgr.)=Fs{Q^)nFoG{Qso) 3.13.7, 

so that we obtain 

El{Q^.) = Eg{Qso) C Fs(Qx) 3.13.8. 
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In particular, it follows from [8, Proposition 2.12] that for any x G NaiQs) 
there is Sx e (S^)* fulfilling 

Sx-u = u^-Sx 3.13.9 

for any u € Q , and therefore, choosing a set of representatives X C Ng{Qs) 
for G/H (cf. 3.13.2), we get an OQ-bimodule direct sum decomposition 

S° 0o OG = {sx ® x){S^ ®o OH) 3.13.10. 

But, for any x € Nq{Qs) , the clement Sj; (gia; normalizes the image of Q 
in 5"° (g)© O-ff and it is clear that it also normalizes the local point x ^ (5 
of Q on this Q-interior algebra; more precisely, if 5^ = £Si for f e x and 
{OH)s = j{OH)j for j €S, there is j' e x x ^ such that [9, Proposition 5.6] 

j'i£(3j)=j' = i£(^j)j' 3.13.11; 

thus, for any x € Ng{Qs) the idcmpotcnt j'"^"^^ still belongs to x x <5 and 
therefore there is an inversible element Ux in (5° (S)o OH)^ fulfilling 

jls.®x ^ -la^ 3.13.12, 

so that we get the new OQ-bimodule direct sum decomposition 

3'{S° ®o OG)j' = ^{sx^x){ax)-'j'{S° ®o OH)f 3.13.13. 
xex 

Moreover, the equality in 3.13.8 forces the group Eg{Qs) = EaiQ^^o) to 
have a normal Sylow p-subgroup and therefore, since we are assuming that 
Cg{Qs) C -ff , it follows from equality 3.13.2 that the quotient G/H also has 
a normal Sylow p-subgroup. At this point, arguing by induction, we may 
assume that G/H is either a p-group or a p'— group. 

Firstly assume that G/H is a p-group or, equivalently, that G = H P 
[9, Lemma 3.10]; in this case, it follows from [6, Proposition 6.2] that the 
inclusion homomorphism OH — > OG is a strict semicovering of Q-interior 

Q G 

algebras (cf. 2.1) and, in particular, we have S C S since m^ ^ ; similarly, 
since for any subgroup R o{ Q we have [9, Proposition 5.6] 

{S° ®o OH){R) = S{R)° ®k {OH){R) 
{S°®oOG){R)^S{Ry®k{OG){R) ' ' ' 
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it follows from [6, Theorem 3.16] that the corresponding Q-interior algebra 
homomorphism S° ®o OH — >• 5*° ®o OG is also a strict semicovering and, 
in particular, we have xx<^CxX(5 ,so that j' belongs to x x ^ ■ 

But, since Q^g C P^g (cf. 3.4), it is easily checked that Q^^^^o C P^^^^g , 
where as above tt is the unique local point of P on 5 , and therefore we get 
the Q-interior algebra embedding (cf. embeddings 2.2.3 and 3.9.4) 

{S° ®o OG)^^,G Res^(5° ®o OG)^^^o ^ Res^(ai) 3.13.15; 

in particular, it follows from equality 3.13.13 that we have 

\X\ ranko (S>o OH)^-^s < \L\ 3.13.16. 

Moreover, wc have \X\ = \G / H\ = \P/Q\ and, since Cp{Q) C Q , it follows 
from [4, Ch. 5, Theorem 3.4] that a subgroup oi E C L which centralizes 
Q — H n P still centralizes P , so that E acts faithfully on Q ; in particular, 
5^ is the unique local point of Q on O^L (actually, we have = {1^ ^}) 
and therefore, since (cf. 3.13.4 and 3.13.8) 

ELiQs^) ^ EaiQ^o) = EaiQs) ^ F 3.13.17 

and Eg{Qs)/F is a p-group, the p'-group E is actually isomorphic to F . 
Consequently, it follows from the inequalities 3.10.4 and 3.13.16 that 

|F||Q| < ranko (^° OH)^^s < \L\/\X\ = \F\\Q\ 3.13.18 

which forces equality 3.13.6. 

Secondly assume that G/H is a p'-group; in this case, we have Q = P , 
6 = J and 5° = ; in particular, since we are assuming that 

Cg{Q5)cH and EG{QsG) = EGiQ5) 3.13.19, 

we actually get 

\X\ = \G/H\ = \Eg{P^g)\/\Eh{Qs)\ = \E\/\F\ 3.13.20. 

Moreover, we claim that, as above, the idempotent j' remains primitive 
in {S 0o OG)^ t, so that it belongs to tt x 7° ; indeed, setting 

A' = j'{S° ®o OG)j' and B' = j'{S° <^o OH)j' 3.13.21, 

let i' be a primitive idempotent of A'^ such that Brp(i') ^ ; in particular, 
i' belongs to tt x 7^^ and we may assume that 

i'A'i' = {S° ®o OG)^^^g ^ 3.13.22. 



■j" The corresponding argument has been forgotten in [18] at the end of the proof of Propo- 
sition 15.19! 
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It is clear that the multiplication by B' on the left and the action of P 
by conjugation endows A' with a i?'P-modulc structure and, since the idem- 
potent j' is primitive in B'^ , equality 3.13.13 provides a direct sum decom- 
position of A' in indecomposable -B'P-modules. More explicitly, note that B' 
is an indecomposable B'P-moduk; since we have EndB'p{B') = B'^ ; but, 
for any x G X , the inversible element 

= (s^(8)a;)(a^)-V 3.13.23 

of A' together with the action of a; on P determine an automorphism 
of B'P ; thus, equality 3.13.13 provides the following direct sum decomposi- 
tion on indecomposable S'P-modules 

A'^ 0ReSg,(B') 3.13.24. 

xex 

Moreover, we claim that the S'P-modules ReSg^(P') and ReSg^, (P') 
for X, x' 6 X are isomorphic if and only if a; = a;' ; indeed, a B'P-module 
isomorphism 

Resg^ (P') ^ Resg^, (P') 3.13.25 

is necessarily determined by the multiplication on the right by an inversible 
element b' of P' fulfilling 

[xux-^yb' = b'ix'ux'-^) 3.13.26 

or, equivalently, {u-j')^ — u^^ -j' for any u € P , which amounts to say- 
ing that the automorphism of P determined by the conjugation by x'x~^ 
is a B'-fusion from to P-y [8, Proposition 2.12]; but, once again from 
[6, Lemma 1.17] and [8, Proposition 2.14 and Theorem 3.1] we get 

Fa'{P^g) = Eg{P^g)=E and Pb.(P^) = Ph(P^) 3.13.27; 

hence our claim now follows from qualities 3.13.20. 

On the other hand, it is clear that A'i' is a direct summand of the 
P'P-module A' and therefore there is x & X such that ReSg^(P') is a direct 
summand of the P'P-module A'i' ; but, it follows from [8, Proposition 2.14] 
that we have 

FvA'i'{P^G) = Fa'{P^g) = E 3.13.28 

and therefore, once again applying [8, Proposition 2.12], for any y e Ng{P^g ) 
there is an inversible element c'y in A' fulfilling 



c'y{u-i'){c'y)-'=yuy-'-i' 



3.13.29 
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for any u G P ; then, for any a;' G X , it is clear that A'i' = A'i'c'^-i^' has a 
direct summancl isomorphic to RcSg^, (B') , which forces the equahty of the 
O-ranks of A'i' and A' , so that A'i' = A' and i' = j' , which proves our 
claim. Consequently, it follows from the equalities 3.13.13 and 3.13.20 that 

ranko (5° OH)^^s = \L\/\X\ = \F\\Q\ 3.13.30, 

so that equality 3.13.6 holds. 

From now on, we assume that H-Cg{Qs) = G ; in particular, Cg{Q) 
stabilizes 5, we have Eg{Qs) = EniQs) = F and we can choose the set of 
representatives X for G/H contained in Gg{Q) , so that this time we get the 
OQ-bimodule direct sum decomposition 

S^®oOG=^{l,^x){S°^^oOH) 3.13.31. 

xex 

Since any z G Cg{Q) stabilizes 5 , choosing again ^ e x > i € (5 and j' & ^ 
such that [9, Proposition 5.6] 

j'{i<»j)=f^{i®j)j' 3.13.32, 

there is an inversible clement Uz in {OH)^ fulfilling — j""' ; consequently, 
with the notation above, from these choices and equality 3.13.31 we have 

^' = (1^ (g) x{a^)-'^)B' 3.13.33. 
xex 

As in Proposition 3.8, denote by the converse image in Cg{Q) of the 
fixed points of in Z and by the k*-quotient /k* of ] since 
is a normal fc*-subgroup of Cg{Q) , H-K^ is a normal subgroup of G and 
therefore, arguing by induction, we may assume that it coincides with H or 
with G . 

Firstly assume that H K^ = G ; in this case, since we have = Cg{Q) , 
F acts trivially on Z and we have F = EniQgG ) for any local point 5° of Q 

on OGb such that m^ ,so that S-^ is F-stable (cf. 3.12.2); consequently, 
according to Proposition 3.11, once again it suffices to prove that 

ranko(5° OH\^s = \Q\\F\ 3.13.34. 

For any z € Cg{Q) , the element z{az)~^ stabilizes j{OH)j = {OH)s 
and actually it induces a Q-interior algebra automorphism of the source al- 
gebra {OH)s ; but, symmetrically, Cg{Q) acts trivially on [8, Proposition 2.14 
and Theorem 3.1] 

F = EHiQsT = F^OH),{Qs) 3.13.35; 
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hence, it follows from [10, Proposition 14.9] that Qz is an inner automorphism 

and therefore, up to modiiying our choice of , wc may assume that z{az)~^ 
centralizes {OH)s ; then, for any x <E X the element 1^ ^x{ax)~^ centralizes 

B' = j'{S° ®o OH)j' 3.13.36. 

and therefore, denoting by C the centralizer of B' in A' , it follows from 
equality 3.13.33 that we have 

A' ^C(g)z(B')B' 3.13.37; 

in particular, we get A"^ = C ®z{bi) B'^ which induces a fc-algebra isomor- 
phism [10, 14.5.1] 

A'{Q) ^ C ®z{B') kZ{Q) 3.13.38 
and then it follows from isomorphism 3.6.4 that 

k(g>z{B')C = ik,Z)° 3.13.39. 

Q G 

At this point, for any local point S of Q on OGb such that m^ ^ , 
it follows from Proposition 3.7 that Q^a c P^a , so that Q^-^g^ C P^^^<^ 

[9, Proposition 5.6] and therefore x ^ ^'^ is also a local point of Q on the 
P-interior algebra (cf. embedding 3.9.4) 

(5° (8)o OG)^^^G ^ Od 3.13.40; 

actually, since Nq (P) normalizes Q = HHP , Q is normal in L and therefore 
all the points of Q on are local (cf. 2.10). In conclusion, since {1^} 
is the unique point of P on O^L , isomorphism 3.13.40 induces a bijective 
correspondence between the sets of local points of Q on 

j'{S° (®oOGb)j' = A'{l(®b) 3.13.41 

and on ; moreover, note that if two local points X ^ ^'^ and X^ ^'^ of Q 
on the left-hand member of 3.13.40 correspond to two local points 5 and e'^ 
of Q on , choosing suitable G d''' , fc^ G ^ f G and A:^ G e*^ , 
from isomorphism 3.13.40 we still get an £)Q-bimodule isomorphism 

fA'k" ^f{0,L)k'' 3.13.42. 

Consequently, since we have A"'^ = C (E)z{B') B"^ and C is a free Z{B')- 

module, for suitable primitive idempotents j and k of C we have (cf. 3.13.37 
and 3.13.38) 

dim(A: (g)z(S') {fck")) ranko(B') = ranko (,Ao*i)fc'') ^ 
<l\m[k®z{B') {fCk'^)) =rankft2(Q) [f {O ^L)k'^ ) {Q) 
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thus, since the respective multiplicities (cf. 2.2) of points 5° and Bvq'^{S'^) 
of Q on 0*L and on {0*L){Q) = k*Ci{Q) coincide each other, we finally get 

\L\ = lankoiO^L) = |C'L(g)| ranko(S') 3.13.44. 

But, according to 3.5.4, Ng{P^g) normalizes 7 which determines 
(cf. 3.3.1) and therefore 7 determines the unique local point 5 oi Q on OH 
associated with / ; thus, Ng{P^o ) is contained in Ng{Q5) which acts tri- 
vially on Z , and therefore Ng{P^g ) stabilizes all the local points 5 of Q on 

OGh fulfilling 7^ (cf. 3.6); hence, it follows from isomorphism 3.13.40 

above that, denoting by 5 the point of Q on O^L determined hy 5 , L 
normalizes Q^g ; in particular, we have 

F = EaiQs) = EGiQso) = F(OG) a 

3.13.45 

= El{Q'^g) = L/Q-Cl{Q) 

and therefore from equality 3.13.44 we get 

li^llQI = \L\/\Cl{Q)\ = ranko(B') 3.13.46, 

which proves that c is inertial. 

Finally, assume that = Ch{Q) ; in this case, since the commutator 
in Ng{Qs)/Q'Ch{Q) induces a group isomorphism 

Cg{Qs)/K^ = Hom(F/Ker(ro), k*) 3.13.47, 

the quotient G/H is an Abelian p'-group and, in particular, we have P = Q . 
But, since with our choices above we still have (cf. 3.13.33) 

{OG)s = j{OG)j = xia,)-\OH)s 3.13.48 
xex 

where the element x{ax)~^ determines a Q-interior algebra automorphism 
of {OH)s , it suffices to consider the A;*-group 

U=\J x{ax)-'{iOH)fy 3.13.49 
xex 

to get the Q-interior algebra {OG)s as the crossed product [3, 1.6] 

{OG)s ^ {OH)s ®((e,^^Q^. U 3.13.50. 
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Then, since G/H is a p'-group, denoting by U the fc*-quotient of TJ it 
foUows from [10, Proposition 4.6] that the exact sequence 

1^ j + J{{OH)^) ^G/H 3.13.51 

is split and therefore, for a suitable central fc*-extension G/H of G/H , we 
still get an evident Q-interior algebra isomorphism 

{OG)s ^ {OH)s ®k' gJh 3.13.52; 

at this point, it suffices to compute the Brauer quotients at Q of both mem- 
bers to get 

k ®kz(Q) {OG)s{Q) ^ KgJh 3.13.53 

and therefore, comparing this fc-algcbra isomorphism with isomorphism 3.6.4, 
we obtain a Q-interior algebra isomorphism 

{OG)s ^ {OH)s Ofc. Z° 3.13.54 

for a suitable action of Z over {OH)s defined, up to inner automorphisms of 
the Q-interior algebra (OH)s , by the group homomorphism 

Z ^ Antk'{EH{Qs)) 3.13.55 

induced by the commutator in NaiQs) / Q-Ch{Q) [10, Proposition 14.9]. 

Similarly, considering the trivial action of Z over S , we also obtain the 
Q-interior algebra isomorphism 

S° ®o {OG)5 ^ {S° iOH)s) «)fe. Z° 3.13.56; 

since x x ^ is the unique local point of Q on 5° ®o {OH)s , we have j'^ = j'^^ 

for a suitable inversible element 6j in (5° ®o {OH)s)^ ; hence, arguing as 
above, we finally obtain a Q-interior algebra isomorphism 

(5° ®o OG)xx5 = {S° ®o OH)^^s ®k- Z° 3.13.57. 

Moreover, since the fc-algcbra fc,Z is now semisimple, for any pair of 
primitive idempotents i and i' of C*Z we have 1(0*^)1' = O or {0} ; now, 
since O^Z is a unitary 0-subalgebra of {S° ®o OG)-^xS C S° ®o OG , in the 
first case from isomorphism 3.13.56 we get 

ranko(i(5° OG)i') < rankei(5° OH)^xs 3.13.58, 

whereas in the second case we simply get i{S° ®o OG)i' = {0} ; hence, since 
isomorphism 3.13.57 implies that 

ranko(5° OG)^xs = ranko(6'° 0iJ)xx6 j^j 3.13.59, 
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all the inequalities 3.13.58 are actually equalities and, in particular, we get 
(cf. embedding 3.9.4) 

\L\ = ranko(5° ®o OG)^^^g = ranke,(5° OH)^^s 3.13.60 

since P = Q and tt x 7*^ = ^ x S'^ (cf. 3.4). Consequently, according to 
Proposition 3.11, it suffices to prove that S is _F-stable. 

On the other hand, it follows from Proposition 3.7 that F acts tran- 
sitively over the set of primitive idempotents of Z{kt,Z)bs; but, since 
is scmisimplc, this set is canonically isomorphic to the set of points of this 
fc-algebra (cf. 2.2), so that F acts transitively over the set of local points 

6 of Q on OGb fulfilling m^- ^ (cf. 3.6). More precisely, choosing 

G G ' 

5 =7 and denoting by -K* the converse image in Cg((3) of the fixed points 

.G , .G G 

of Eh{Q^g ) in Z and by K" the k* -quotient of K° , as above H-K° is a 
normal subgroup of G and therefore, arguing by induction, we may assume 

that either Ch{Q) = K^" or G = H-K^'^. 

In the first case, it follows from Proposition 3.8 that 

F ^ Eh{Qso ) C EaiQso ) = E 3.13.61 

so that S is indeed F-stable (cf. 3.9). In the second case, since we have 
(cf. Proposition 3.8) 

F/Eh{Qso) = K^^'/K^ G/H ^ Z 3.13.62, 

the number of points of O^Z coincides with its O-rank which forces the 
A;*-group isomorphism Z = k* x Z ; in particular, isomorphism 3.13.54 be- 
comes the Q-interior algebra isomorphism 

{OG)s = {OH)s Z = ^{OH)s-z 3.13.63 

and therefore we have (OG)^ ^ (OH)'^ Z . 

Thus, since Q = P , we may assume that the image i of ^ 'l2zez ^ 
{OG)s C OG belongs to = -/"and then we get (cf. 3.9.1) 

S (8)0 ^ i{OG)i = {OH)f 3.13.64. 

But, it follows from [10, Proposition 7.4] that there is a unique j+j(^{OH)f)- 
conjugacy class of fc* -group homomorphisms 

6e:QxiF — > {{OH)s)* 3.13.65 

mapping u € Q on u-j ; then, since Z is a p'-group, it follows from [3, 
Lemma 3.3 and Proposition 3.5] that we can choose a in such a way that Z 
normalizes a{F) and then we have [Z, a(F)] C fc* . In this case, a{F) stabi- 
lizes {OH)f and, as a matter of fact, this O-algebra contains a(F)^ = E . 
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Consequently, throughout isomorphisms 3.13.64, F acts on the Q-interior 
algebra S (g)© O^L and therefore it acts on the quotient 

S®oOd/J{S®oOS) = S®oKE 3.13.66; 

but, kt^E has a trivial Q-interior algebra structure and it is semisimple, so 
that we have 

KE ^ Y[{KE){e) 3.13.67, 

9 

where 9 runs over the set of points of /c^i?, and then any tensor product 
Tg = S (^o {ki,E){9) is a Dade Q-algebra over k similar to S ®o k [11, 1.5]; 
hence, F permutes these Dade Q-algebras which amounts to saying that it 
fixes the similarity class of S (S)o k; finally, it follows from [11, 1.5.2] that S 
is also F-stable. We are done. 

4 Normal sub-blocks of nilpotent blocks 

4.1 With the notation of section 3, assume now that the block 6 of G is 
nilpotent; since we already know that {OG)j = S(^o OP for a suitable Dade 
P-algebra S [9, Main Theorem], the block b is also incrtial and therefore we 
already have proved that the normal sub-block c of if is inertial too; let us 
show with the following example — as a matter of fact, the example which 
has motivated this note — that the block c need not be nilpotent. 

Example 4.2 Let J' be a finite field of characteristic different from p , q the 
cardinal of ^ and € a field extension of ^ of degre n ^ 1; denoting by 
the n-th cyclotomic polynomial, assume that p divides $n(g) but not q — 1 , 
that ^nio) and q — 1 have a nontrivial common divisor r — which has to 
be a prime numberf — and that n is a power of r . For instance, the triple 
{p, q, n) could be (3, 5, 2) , (5, 3, 4) , (7, 4, 3) . . . 

Set G = GL^{(S) and H = SL^{(S) , and respectively denote by T and 

by W the images in G of the multiplicative group of (£ and of the Galois 
group of the extension €/5; since p does not divide q — 1 , T D H contains 
the Sylow p-subgroup P of T and, since p divides ^nil) , we have 

Cg(P) = T and 7Vg(P) ^ T xi W 4.2.1; 

consequently, since W acts regularly on the set of generators of a Sylow 
r-subgroup of T , a generator ip of the Sylow r-subgroup of Hom(r, C*) de- 
termines a local point 7 of P on OG such that 

Ng{Pj) = T = Cg{P) 4.2.2 



j" We thank Marc Cabanes for this remark. 
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and, by the Brauer First Main Theorem, Pj is a defect pointed group of 
a block 6 of G which, according to [13, Proposition 5.2], is nilpotent by 
equality 4.2.2. 

On the other hand, since r divides q — 1 , the restriction ^ of to 
the intersection T (1 H = Ch{P) has an order strictly smaller than ip and 
therefore, since we clearly have 

Nh{P)/Ch{P) = W 4.2.3, 

r divides \Nh{P5)/Ch{P)\ where 5 denotes the local point of P on OH 
determined by tjj ; once again by the Brauer First Main Theorem, Pg is a 
defect pointed group of a block c oi H , which is clearly a normal sub-block 
of the block 6 of G and it is not nilpotent since r divides \Nh{Ps)/Ch{P)\ ■ 

Corollary 4.3 A block c of a finite group H is a normal sub-block of a 
nilpotent block b of a finite group G only if it is inertial and has an Abelian 
inertial quotient. 

Proof: We already have proved that c has to be inertial. For the second 

statement, we borrow the notation of Proposition 3.8; on the one hand, since 
the block b is nilpotent, we know that Eg{Q^g) is a p-group; on the other 
hand, it follows from this proposition that EHiQgo) is a normal subgroup of 
F and that F / Eh{Q ) is Abelian; since the inertial quotient F is ap'-group, 
we have EniQ^o) = {1} and F is Abelian. We are done. 

Remark 4.4 Conversely, if P is a finite p-group and E a finite Abelian 
p'-group acting faithfully on P , the unique block of L = P x E for any 
central fc*-extcnsion of is a normal sub-block of a nilpotent block of a 
finite group obtained as follows. Setting 

Z = Ilom{E,k*) 4.4.1, 

it is clear that Z acts faithfully on E fixing the fc* -quotient E ; thus, the 
semidirect product E>iZ still acts on P and we finally consider the semidirect 
product 

M = P>i{ExZ) = L>iZ 4.4.2. 

Then, we clearly have 

(e»*M)(P) ^ k{Z{P) X Z) 4.4.3 

and therefore any group homomorphism s:Z^k* determines a local point 
of P on O^M — still noted e; but E acts on kZ , regularly permuting the 
set of its points; hence, we get 

Nj^j{P^) = k* X P X Z 4AA 

and therefore Pg is a defect pointed group of the nilpotent block {1^ 
of M. 
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